Thermal expansion of a single component system in a two dimensional square lattice is calculated by employing Continuous Displacement Cluster Variation Method. It is demonstrated that the entropy effect arising from the freedom of local atomic displacements drives the thermal expansion. The coefficient of thermal expansion curve is compared with the one calculated based on Debye-Grüneisen model within the quasiharmonic approximation. The two curves demonstrate opposite behavior.
Introduction
Cluster Variation Method (hereafter abbreviated as CVM) 1) has been recognized as one of the most reliable theoretical tools to approximate the configurational entropy. By combining with the electronic structure total energy calculations, even the first principles calculations of alloy phase equilibria have been widely attempted. 2) One of the deficiencies of the conventional CVM, however, is the fact that the local lattice distortion is not well introduced. This is because the conventional CVM claims that the largest cluster which is termed basic cluster and their subclusters maintain the symmetry of the parent Bravais lattice, and the introduction of the local distortion by the mixture of two different atomic species with different size may alter the symmetry from point to point. Hence, the conventional CVM implicitly assumes uniform lattice expansion/contraction and the resulting phase equilibria is still not fully in the equilibrium state.
In order to circumvent such inconveniences, Kikuchi and his coworkers [3] [4] [5] devised Continuous Displacement Cluster Variation Method (CDCVM) in which additional points, termed quasi lattice points, are introduced around a Bravias lattice point and an atom is allowed to displace to those points. As is described in the latter section, displaced atoms in the CDCVM are regarded as different atomic species and the entropy arising from the freedom of displacements is calculated by mapping it onto configurational entropy of a multicomponent system for which atoms are located only at Bravais lattice points. Such a theoretical framework of the CDCVM is well established, 6, 7) however due to the computational burden CDCVM has not been well employed in the phase equilibria calculations.
It is noted that the atomic displacement is caused not only by the mixture of two different species with different atomic size, but the additional freedom of local atomic displacements contributes to the entropy to decrease the free energy of an entire system, which leads to the expansion with increasing the temperature when the atomic interaction potential is asymmetric around the equilibrium separation. In fact, Kikuchi and Beldjenna demonstrated 4) that the thermal expansion takes place for a single component system by assuming a simple Lennard-Jones type pair potential between atoms.
A common practice to investigate the thermal expansion of the lattice, on the other hand, is based on the dynamic properties of a lattice manifested by phonon population at excited energy levels which are mainly determined by the curvature and anisotropy of the potential curve. Hence, it is not clear if the thermal expansion derived by CDCVM are directly related to the dynamic properties of the lattice. In order to clarify this, it is necessary to calculate vibrational free energy for a given potential and compare the calculated thermal expansion behavior with the one obtained by CDCVM.
In the present study, a simple Debye-Grüneisen (hereafter DG) model within the quais-harmonic approximation 8) is employed to calculate the thermal expansion behavior, and the Coefficient of Thermal Expansion (CTE) is compared with the one obtained by CDCVM for a two dimensional square lattice. The organization of the present study is as follows. In the next section, for the sake of completeness, the free energy formula for both the conventional CVM and CDCVM are derived. The main results are demonstrated and compared in the third section. The essential ingredients to calculate CTE by DG model is also reproduced in the third section.
Cluster Variation Method and Continuous Displacement Cluster Variation Method
According to the Cluster Variation Method (CVM), the entropy is approximated by a set of finite number of cluster probabilities, X fJg , where fJg specifies the atomic configuration on the cluster, and is concisely written as
where k B is the Boltzmann constant and N is the total number of lattice points. Note that the superscript (K) (or (K 0 )) Among various methods proposed to calculate the exponent terms, one of the most efficient methods is to employ Barker's formula 9) which is given by the following set of equations,
and
where n indicates the basic cluster which is the largest cluster considered in the entropy formula and specifies the level of the approximation, r denotes a smaller cluster contained in the basic cluster and is called sub-cluster. N n and N r are, respectively, the number of basic and sub-clusters per lattice point, and M q,r indicates the number of r-cluster contained in the q-cluster, suggesting that M q,q ¼ 1. Equation (4) is a subsidiary condition to determine the exponent for a null cluster denoted by the subscript 0. The actual operation of the Barker's formula is efficiently performed by constructing a table such as Table 1 for a pair approximation which is the main concern of the present study. It is noted that ! in Table 1 indicates one half of the coordination number which depends on the crystal structure. Hence, the entropy formula for the pair approximation is obtained as
where x i and y ij are point and pair cluster probabilities, respectively, and the subscript(s) suggests the atomic configuration on the cluster. By employing Stirling's formula, ln x! ¼ $ x ln x À x, the entropy per lattice point is readily obtained as
The internal energy of the system per lattice point in the present study is given within the pair approximation and is written as
where Z is the coordination number and e ij is the atomic pair interaction energy between species i and j. Hence, the free energy per lattice point is written as
Note that in order to avoid complicacy, all the thermodynamic quantities are defined per lattice point and N is omitted in the following descriptions unless specifically commented. It is noted that cluster probabilities are mutually dependent and are related through normalization conditions,
and geometrical conditions to correlate cluster probabilities between point and pair clustes,
These conditions are regarded as constraints in minimizing the free energy and the actual minimization of the free energy F is carried out on the thermodynamic function È which is the sum of the grand potential (Legendre transformation of F with respect to the number of particles) and the constraint conditions,
where is a Lagrange multiplier, i the chemical potential for species i and LðXÞ is defined as LðXÞ ¼ X ln X À X. Under this representation of the thermodynamic function, it is most convenient to employ Natural Iteration Method 10) to minimize the free energy.
The extension of the conventional Cluster Variation Method to Continuous Displacement Cluster Variation Method is performed in the following manner. First, additional lattice points are introduced around a Bravais lattice point as shown in Fig. 1 . These additional lattice points are not Bravais lattice points and are termed quasi-lattice points. The key ingredient of the CDCVM is to regard atoms displaced to these quasi-lattice points as different atomic species and to replace the entropy calculation due to atomic displacements by configurational entropy calculation of a Table 1 M q,r N r pair point
multicomponent system in the original Bravias lattice. In Fig. 1 , for instance, 120 quasi-lattice points are introduced around each Bravais lattice point, hence the phase equilibria of displaced atoms on those quasi-lattice points in a single component system are treated as those on the original Bravias lattice points of a 121 multicomponent system. This way, the difficulty of formulating the entropy originating from the breakdown of lattice symmetry is circumvented. Note that by symmetry considerations, the number of distinguishable species can be reduced in the actual computation. Within the pair approximation, the entropy of the CDCVM is written as
where f point ðrÞ and f pair ðr; r 0 Þ are point and pair distribution functions to describe the probabilities of finding an atom or an atomic pair, respectively. r and r 0 denote the displacement from the Bravias lattice point. It should be realized this is the natural extension of the entropy formula given in eq. (6) with the replacements x i by f point ðrÞ and y ij by f pair ðr; r 0 Þ. In the numerical calculations, the integral is replaced by sums and the number of the meshes coincides with that of the quasilattice points (plus one for Bravais lattice point).
For the internal energy, a simple pair approximation given in eq. (7) is readily extended to CDCVM and is written as
where 'ðjr À r 0 jÞ is the atomic pair potential and, in the present investigation the following Morse potential is employed,
where a ¼ jr À r 0 j and a 0 is the equilibrium lattice constant of the square lattice. Note that the second and third terms represent attractive and repulsive potentials, respectively, and the interaction energy takes a minimum value of c À d at a 0 . is directly related to the curvature of the interaction potential and with the increase of , the dependences of both the attractive and repulsive potentials on the atomic separation becomes more emphasized. In the present study, 4 is assigned to .
Together with the internal energy and the entropy, the free energy to be minimized is given as
This is again the straightforward extension of the CVM formula given in eq. (11) and the third term is the constraint originating from the normalization condition imposed on the pair probability function. The fourth term represents additional constraints due to symmetry requirements with R the symmetry operator for a parent square lattice and ðr; RrÞ is defined as ðrÞ À ðRrÞ where is a Lagrange multiplier multiplied by the symmetry constraints given by
The minimization of the free energy is performed with respect to f pair ðr; r 0 Þ and is formally written as
It is noted that the present calculations are performed on the rectangular coordinate system and, accordingly, the quasi-lattice points are introduced in a square shape as shown in Fig. 1 . This is because the mirror symmetry and 90 rotational symmetry of the parent lattice are most well utilized in eq. (16) to reduce the computation time. The symmetry requirements of the parent lattice are conveniently introduced also in the polar coordinate system, and quasilattice points in the circular shape can be adopted. The isotropy of the atomic distribution may be more efficiently examined by the polar coordinate system. The comparison of the results obtained between two shapes of quasi-lattice points remain in the future investigation.
The most critical parameter is the maximum deviation of the atomic displacement from the Bravais lattice point. In the present calculation, the separation between each quasi lattice points along both x-and y-directions is 0:075a 0 where a 0 is the lattice constant, hence the 11 Â 11 quasi-lattice points extend up to 37.5% of the lattice constant. This value is way above the Lindemann's melting criterion of 10% and, Thermal Expansion Calculated by Continuous Displacement Cluster Variation Methodtherefore, is deemed sufficient for the present purpose of the study of thermal expansion in the ordinary temperature range.
Results and Discussion
Shown in Fig. 2(a) is the distribution, f point ðrÞ, of the displaced atom around a Bravais lattice point at ¼ 0:6 where is the temperature normalized with respect to the minimum of the internal energy at the ground state. The central point, ð0:0; 0:0Þ, corresponds to a Bravais lattice point and both the horizontal and vertical axes indicate the displacement in the unit of lattice constant. For instance, 0.15 suggests that the magnitude of the displacement is 15% of the lattice constant. The distribution is quite isotropic as is expected. Along the horizontal axis of y ¼ 0:0, the point distribution f point ðx; 0:0Þ is plotted in Fig. 2(b) and compared with those at ¼ 0:3, 1.0 and 1.5. One sees that each distribution is well characterized by the Gaussian type distribution, and it is confirmed that the higher the temperature is, the more diffusive the distribution becomes. This is purely the entropy contribution arising from the freedom of atomic displacements. Fig. 3 are the dependences of free energy É on lattice constants at four temperatures ¼ 0:3, 0.45, 0.60 and 0.90. One can see that the free energy attains minimum at a certain lattice constant for each temperature which is the equililbrium lattice constant, and that the equilibrium lattice constant increases with temperature. The temperature dependence of the equilibrium lattice constant is demonstrated in Fig. 4 by open squares. One sees the monotonic increase. However, the CTE (Coefficient of Thermal Expansion) shown by solid circles decreases after the rapid increase at low temperatures. This is not a typical behavior of CTE widely observed in metals and alloys.
Shown in
Hence, we attempted to calculate vibration free energy within the quasi harmonic approximation of DebyeGrüneisein model by employing the ingredients proposed by Morruzi et al. 8) For the sake of completeness, essential procedures are reproduced in the following.
From eq. (14), the internal energy of the system per lattice point is written as 
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Then, the internal energy is fitted into the four-parameter Morse potential
where G stands for the ground state, C, D, and r 0 are fitting parameters, and lattice constant a in eq. (18) is transformed to a Wigner-Seitz radius r in eq. (19) through a ¼ ð4=3Þ 1=3 Á r. One sees that the minimum energy is given by C À D at r ¼ r 0 which may be related to the cohesive energy of the system. In order to simplify the analysis, C À D is subtracted from E G , which shifts the minimum energy to null and the energy can be normalized with respect to D, yielding
It is noted that the equilibrium Wigner-Seitz radius r 0 and which determines the curvature of the Morse potential are related to the Bulk modulus, B, and Grüneisen constant, , through
respectively, where V is the volume of a Wigner-Seitz cell. Furthermore, Debye temperature Â D is given by
with
where M is the atomic weight.
Once these values are obtained, the vibrational energy and entropy are written as
where E 0 is the zero point energy given by 
The fitting of eq. (18) into eq. (19) is straightforward and one obtains Á r 0 ¼ Á a 0 , which yields the Grüneisen constant ¼ 2:0 by eq. (22) at ¼ 4 in the present study. A crucial problem arising in the present study, however, is the fact that the Debye temperature is not uniquely determined without the knowledge of the atomic weight M in eq. (24). Then, Â D =T, rewritten as ðk B Á Â D =DÞ=ðk B Á T=DÞ, is assigned as a parameter in the present calculations. In the previous analysis by Morruzi et al. 8) for a series of metals, D falls in the range of 1:0{10 À1 Ry/atom and the temperature range of k B Á T=D in the present study is assigned accordingly.
The calculated equilibrium lattice constants and CTE are shown in Fig. 5 by open squares and solid circles, respectively. It should be noted that the deviation of the equilibrium lattice constant from unity at k B Á T=D ¼ 0 is due to the zero point energy contribution. One confirms the typical behavior of CTE, i.e. the rapid increase at lower The key to understand the difference is ascribed to two kinds of entropy, static and dynamic entropies. The former is originating from configurational freedom of atoms while the latter is due to excitations of electrons and phonons (both harmonic and anharmonic contributions) with temperature. The conventional CVM only considers static entropy, while DG model focuses on dynamic entropies and takes quantum mechanical aspects of lattice vibrations such as zero point energy into account. The results of CDCVM, on the other hand, reflect both the static and dynamic freedoms of the lattice. However, as was demonstrated in the previous section, the formulation of the CDCVM is attempted within the classical mechanics without explicitly considering the phonon populations, but focusing on the probabilities of occupying quasi lattice points around a Bravais lattice point. Hence, the validity of the CDCVM may be limited to high temperature region above the Debye temperature. It should be interesting to separate the static and dynamic entropies in the CDCVM and to compare the lattice expansion originating from dynamic entropy contribution with the one by the DG model. This is left for future investigation. It is, however, worth pointing out again that the thermal expansion is caused by various entropy contributions arising from phonon distribution, configurational freedom of both the local displacements and global atomic replacement which is manifested in multicomponent alloys.
Finally, it is pointed out that the employment of higher order approximation beyond the pair approximation is desirable to incorporate wider range of correlations. Together with CDCVM calculations for a three dimensional realistic lattice, the results will be reported elsewhere. 
